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ABSTRACT
The jet structure of short gamma-ray bursts (GRBs) has been controversial after the
detection of GRB 170817A as the electromagnetic counterparts to the gravitational
wave event GW170817. Different authors use different jet structures for calculating the
afterglow light curves. We formulated a method to inversely reconstruct the jet struc-
ture uniquely from a given off-axis GRB afterglow, without assuming any functional
form of the structure. By systematically applying our inversion method, we find that
more diverse jet structures are consistent with the observed afterglow of GRB 170817A
within errors: such as hollow-cone, spindle, Gaussian, and power-law jet structures.
In addition, the total energy of the reconstructed jet is arbitrary, proportional to the
ambient density n0, with keeping the same jet shape if the parameters satisfy the
degeneracy combination n0ε
(p+1)/(p+5)
B ε
4(p−1)/(p+5)
e = const.. Observational accuracy less
than ∼ 6 per cent is necessary to distinguish the different shapes, while the degener-
acy of the energy scaling would be broken by observing the spectral breaks. Future
events in denser environment with brighter afterglows and observable spectral breaks
are ideal for our inversion method to pin down the jet structure, providing the key to
the jet formation and propagation.
Key words: gamma-ray bursts – methods: analytical
1 INTRODUCTION
The gravitational wave event GW170817 with the detection
of electromagnetic counterparts, in particular GRB 170817A
and its afterglow, has revealed that a coalescence of two neu-
tron stars leads to a short gamma-ray burst (GRB). The
successful launch and propagation of a relativistic jet is sup-
ported by the superluminal motion of the compact radio
source (Mooley et al. 2018b; Ghirlanda et al. 2019) and
the rapid decline of the afterglow light curve after the peak
(Mooley et al. 2018a,c; Lamb et al. 2019; Makhathini et al.
2020). The gamma-ray emission is apparently faint because
the jet is off-axis, misaligned with the line of sight (Abbott
et al. 2017c; Ioka & Nakamura 2018, 2019, and references
therein). In order for the jet to break out the merger ejecta,
the jet power should be similar to the other short GRBs
(Nagakura et al. 2014; Hamidani et al. 2019).
GRB 170817A also revealed that the jet has to be struc-
tured with an angular dependent energy distribution, which
is required to explain the slowly rising light curves of the af-
terglow (Mooley et al. 2018a). However, the exact jet struc-
ture is still controversial. Different authors assume different
structures for calculating the afterglow light curves. Often
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used structure is a Gaussian (Zhang & Me´sza´ros 2002; Rossi
et al. 2004; Lyman et al. 2018; Resmi et al. 2018; Troja et
al. 2019; Lamb & Kobayashi 2018; Lamb et al. 2019; Gill &
Granot 2020; Ryan et al. 2020; Troja et al. 2020) or a power
law (Me´sza´ros et al. 1998; Rossi et al. 2002, 2004; Zhang &
Me´sza´ros 2002; Granot & Kumar 2003; Lamb & Kobayashi
2018; D’Avanzo et al. 2018; Ghirlanda et al. 2019; Beniamini
et al. 2020; Gill & Granot 2020; Ryan et al. 2020), although
there is no strong motivation to limit the jet structure to
these specific forms. The jet structure is crucial to off-axis
gamma-ray emission (Beniamini et al. 2019; Ioka & Naka-
mura 2019). Furthermore, the jet structure is potentially a
clue to the jet launching, collimation, and propagation pro-
cesses as inferred from numerical simulations (Aloy et al.
2005; Nagakura et al. 2014; Duffell et al. 2015; Lazzati et
al. 2017; Murguia-Berthier et al. 2017; Kathirgamaraju et
al. 2018, 2019; Xie 2018; Geng et al. 2019; Gill et al. 2019;
Gottlieb et al. 2020; Nathanail et al. 2020).
We recently discovered that a hollow-cone jet structure
is also a candidate for GRB 170817A for the first time (Taka-
hashi & Ioka 2020, hereafter TI20). It was discovered by
a new approach that inversely reconstructs a jet structure
from a given afterglow light curve in off-axis GRBs. One of
the advantages of the method is that it does not prefix a
functional form of the jet structure. Thus, as demonstrated
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by the discovery of a hollow-cone jet, the method can re-
construct a non-trivial jet structure that is different from a
Gaussian jet or a power-law one. Another advantage is that
the method uniquely determines a jet structure for a given
light curve, once the other model parameters are fixed. The
hollow-cone jet is reconstructed from a straight-line light
curve, which is the simplest example that fits the rising slope
of the observed afterglow. In addition, the hollow-cone type
structure is always reconstructed by using the straight-line
light curve, irrespective of the other model parameters such
as the viewing angle and the jet edge structure while the jet
structure changes quantitatively. This result indicates that
the light curve shape is the paramount feature for deter-
mining the jet structure. However, in reality, we could draw
another light curve to fit the observed data within the un-
certainty, which leads to a Gaussian jet or a power-law one
depending on the light curve shape. So far, it has not been
studied thoroughly how the jet structure changes for differ-
ent light curves.
This paper searches for jet structures that are consis-
tent with the afterglow of GRB 170817A in a systematic
way. We apply the inversion method in TI20 to more gen-
eral types of the light curves by taking into account the cur-
vature of the light curve. The light curve shape is changed
in a parametric way so that it is consistent with the after-
glow of GRB 170817A. We find that a little difference of the
light curve creates a large diversity of non-trivial jet struc-
tures. We also find that the total energy of the jet is not
determined because we can change the total energy without
changing the jet shape by appropriately tuning the afterglow
parameters.
The paper is organized as follows. In Section 2, we in-
troduce the parametric light curve and other model param-
eters used in this study after briefly summarizing the in-
version method in TI20. Then, the various jet structures
reconstructed from the generic light curves are presented in
Section 3. We discuss the reason of the diversity of the jet
candidates in Section 4. Finally, we make a conclusion on
the jet structure of GRB 170817A in Section 5. Throughout
the paper, we attach a prime to the quantities evaluated in
the fluid rest frame.
2 METHOD
2.1 Brief Review of the Inversion Method
We consider an axi-symmetric relativistic jet propagating
into the interstellar medium with a constant number den-
sity n0. The jet energy has an angular structure E(θ), where
E is the isotropic equivalent energy and θ is the polar an-
gle measured from the jet axis. A shock is formed in the
interstellar medium, and is well described by a self-similar
solution of Blandford & McKee (1976) as if it were a por-
tion of a spherical blast wave until the shock is further de-
celerated to non-relativistic speeds (Kumar & Granot 2003;
Zhang & MacFadyen 2009; van Eerten & MacFadyen 2012).
The afterglow is produced by synchrotron radiation emitted
from electrons accelerated to a power-law energy distribu-
tion with a spectral index p at the shock with a magnetic
field in the downstream (Sari et al. 1998). The shocked re-
gion is approximated by a thin shell (van Eerten et al. 2010).
Then, we can calculate the afterglow light curve for a given
jet energy structure E(θ).
Inversely, we can reconstruct the jet structure E(θ) from
a given afterglow light curve in the case of off-axis GRBs.
This is possible because the jet structure gradually becomes
visible from the jet edge to the central region, as the rela-
tivistic beaming angle increases due to the deceleration of
the jet sweeping the ambient material. The emission cen-
troid gradually moves from the jet edge region close to the
observer direction toward the jet axis, scanning the jet struc-
ture as time passes and reflecting the jet structure into the
light curve.
Based on the above idea, we recently formulated an in-
version method that reconstructs a jet structure from an
afterglow light curve (TI20). While the observed light curve
is calculated by integrating the synchrotron emission radi-
ated from the shock surface, we reverse the integral into an
ordinary differential equation for E(θ) in Equation (1) below.
By integrating Equation (1), the jet structure is uniquely de-
termined from a given afterglow light curve. Since the scan
of the jet surface is finished when the emission site reaches
the jet axis, the reconstruction method uses only a part of
the rising portion of the light curve before the peak.
The inversion formula is given by (See Appendix A for
a short review of the derivation and the detail)
d ln E
dΘ
=
8
θv − Θ −
3K(T,Θ, E(Θ))
Fν(T)
[
d log Fν
d logT
(T)
− T
Fν(T)
∫ θj
Θ
dθ
dK
dT
(T, θ, E(θ))
]−1
, (1)
where Fν(T) is the observed flux with ν and T being the
observed frequency and observer time, respectively. θv is
the viewing angle measured from the jet axis. Θ(T) approx-
imately corresponds to the polar angle of the emission cen-
troid and satisfies Equation (A2). K is a function defined by
Equation (A5), and θj is the jet truncation angle. A jet struc-
ture is obtained by integrating Equation (1) from Θ = Θ(T0)
to Θ = 0 for a given initial observer time T0. The effect of
the cosmological redshift is neglected for simplicity. Neces-
sary ingredients are the following:
(i) The rising portion of the light curve Fν(T) (T0 ≤ T ≤
Tf) for a given observed frequency ν. Here, T0 is a given
initial time. Tf is the time when Θ(T) reaches the jet axis
and the reconstruction is completed, which depends on the
jet structure and, hence, is not a priori known.
(ii) Model parameters {n0, εB, εe, θv, p,D}, where n0 is the
number density of the ambient interstellar medium, εB the
energy conversion fraction from the shocked matter to the
magnetic filed, εe the energy conversion fraction from the
shocked mater to the accelerated electrons, θv the viewing
angle, p the energy spectral index of the accelerated elec-
trons, and D the luminosity distance to the source.
(iii) Jet edge structure E(θ) for Θ(T0) ≤ θ ≤ θj with θj
being a jet truncation angle. This is given as a boundary
condition for integrating Equation (1). The jet edge struc-
ture cannot be constrained from the light curve after T0 in
principle, since this region has been already scanned before
T0.
This paper explores the allowed range of the jet struc-
ture by focusing on the uncertainty of the light curve listed
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as (i) above. The observed data points generally include
error bars and distribute sparsely in time. In the case of
GRB 170817A, the rising slope could be fitted by a sin-
gle power law Fν ∝ Tα with α being a constant, while the
slope may have a curvature. TI20 used a simple power-law
light curve, d log Fν/d logT = 1.22 = const., and found that it
always reconstructs qualitatively the same hollow-cone jet
structure irrespective of the other parameters. Hence, it is a
natural extension to consider more general light curves. The
light curve used in this paper is given in Section 2.2.
In the rest of this subsection, we comment on the un-
certainty of the other factors listed in (ii) and (iii) above. As
mentioned later in Section 2.3, some of the model parameters
listed in (ii) are degenerate and only a few are constrained
from observations in general. In the case of GRB 170817A,
the spectral index p ∼ 2.17 (Fong et al. 2019; Troja et al.
2019) and luminosity distance D ∼ 41 Mpc (Hjorth et al.
2017; Cantiello et al. 2018) are relatively well constrained
while the others are not: The viewing angle θv is constrained
from the detection of a super-luminal motion of a compact
radio source in the afterglow phase (14◦ . θv . 28◦; Moo-
ley et al. 2018b). Note that the uncertainty of the viewing
angle leads to the uncertainty of the jet core width, θc. We
reconstruct a wider jet structure if we assume a larger θv
(TI20). This is because only the ratio of θv/θc is constrained
from the rising part of afterglow light curves (Nakar & Pi-
ran 2020). n0 is constrained in several ways: The diffuse
X-ray emission from the host galaxy puts a constraint of
n0 ≤ 9.6 × 10−3 cm−3 (Hajela et al. 2019) while the non-
detection of neutral hydrogen from the host also gives a
looser upper limit n0 ≤ 4× 10−2 cm−3 (Hallinan et al. 2017).
On the other hand, a cosmological simulation infers a lower
limit of n0 ≥ 2 × 10−5 cm−3 (Shull et al. 2012; Mooley et
al. 2018a). εB and εe have not been constrained from the
observations so far, whereas εe = 0.1 is a typical value in
observations of other GRBs (Kumar & Zhang 2015) and in
particle-in-cell simulations (Sironi & Spitkovsky 2011).
As noted in (iii), the jet edge structure is not con-
strained in principle from afterglow observations. However,
the jet edge structure would be less important for the re-
construction of the inner part close to the jet axis, since
the light curve for later time is dominated by the emission
from the inner part. As shown in TI20, the inner jet struc-
ture is qualitatively determined irrespective of whether the
assumed edge structure is a Gaussian or a power-law. Espe-
cially, the jet truncation angle θj does not change the results
qualitatively nor quantitatively as long as we choose a suffi-
ciently large value (TI20).
2.2 Parametric Light Curve and Fiducial Setting
In the previous paper (TI20), we simplified the rising phase
of the afterglow of GRB 170817A as a light curve with a con-
stant slope (that is, the logarithmic derivative d log Fν/d logT
is constant). In this paper, we use more general light curves
for the rising phase of the afterglow.
As a generalization, we consider the light curves that
are parametrically given by
Fν(T) = F0
(
T
T0
)−aT0+b
exp[a(T − T0)] (T0 ≤ T ≤ Tf), (2)
where a is the curvature parameter, which controls the
changing rate of the light curve slope, and b is the ini-
tial slope as seen below. T0 is the initial observer time and
F0 = Fν(T0) is the corresponding initial flux. The slope of the
light curve in Equation (2) is
d log Fν
d logT
= a(T − T0) + b. (3)
Thus, the light curve slope is initially given by
d log Fν/d logT = b at T = T0 while it changes as time passes
with a rate of a: In (log Fν , logT) plane, a > 0 gives convex
downward light curves, a < 0 gives convex upward ones, and
a = 0 gives straight ones. We note that the case with a = 0
and b = 1.22 was investigated in TI20, where a hollow-cone
jet is inversely reconstructed.
Changing the curvature parameter a, we reconstruct the
jet structure while we fix ν = 5.5 GHz, b = 1.22, T0 = 9 d, and
F0 = 5.45 µJy in Equation (2). We use the fiducial model
parameters as εe = 0.1, p = 2.17, θv = 0.387 ∼ 22.2◦, and
D = 41 Mpc, while we treat n0 and εB as free parameters to
adjust the peak time and peak flux of the light curve that
is forwardly calculated by the reconstructed jet. Note here
that, since the jet structure is reconstructed from the ris-
ing portion of the light curve with T0 ≤ T ≤ Tf before the
peak, we check as a post process whether the light curve for-
wardly calculated from the reconstructed jet agrees with the
observations for T > Tf . We repeat the reconstruction pro-
cedure by iteratively tuning n0 and εB until the forwardly
calculated light curve matches the observed one. For the
sake of quantitative accuracy, we use a more accurate after-
glow equation, equation (18) in TI20, to forwardly calculate
the light curves than Equation (A1), which is equivalent to
the inversion formula, Equation (1). The accurate afterglow
equation takes into account the flux contribution from the
entire jet surface, a smooth transition of the shock dynamics
from the Blandford-McKee solution to the Sedov-Taylor so-
lution (Taylor 1950; Sedov 1959; van Eerten et al. 2010), the
spectral breaks at the characteristic and cooling frequencies
(ν′m and ν′c, respectively; Sari et al. 1998), and so on. The
relative difference between the light curves calculated by the
accurate equation and Equation (A1) is within 5 per cent.1
We assume the jet edge structure described by a Gaus-
sian shape, which is given by
E(θ) = E0 exp
(
− θ
2
2θ2c
)
(Θ(T0) ≤ θ ≤ θj), (4)
where we use θj = 0.61 ∼ 35.0◦ as our fiducial value although
the choice of θj does not affect the results as long as it is
large enough as mentioned in Section 2.1. We also note that
the inner jet structure does not change qualitatively with the
choice of the edge shape as noted before. E0, θc, and Θ(T0)
are self-consistently determined so that the edge structure
becomes consistent with given Fν(T0) and dFν/dT(T0) for each
light curve (See Appendix B).
1 The discrepancy between the light curves calculated by the
accurate equation and Equation (A1) in this paper is mainly
attributed to the inner cutoff angle Θ(T ) in Equation (A1),
which ignores the emission from the region near to the jet axis,
0 ≤ θ < Θ(T ). This discrepancy is inevitable, since Θ(T ) plays an
essential role in the inversion method. However, we can reduce
it, if necessary, by using larger fb in Equation (A2), which gives
smaller Θ(T ) for a fixed T (See TI20 for details).
MNRAS 000, 1–11 (2020)
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2.3 Degeneracy Relation in (n0, εB, εe)
In the inversion process for a given light curve, we generally
find that the jet structures with the same shape are recon-
structed from different combinations of (n0, εB, εe). Here, we
mean by the same shape that the jet structures have the
same angle dependence, f (θ), except for the normalization,
Eaxis, as
E(θ) = Eaxis f (θ) (5)
with f (0) = 1 and Eaxis = E(0).
As shown in Appendix C, the degenerate combinations
of (n0, εB, εe) are given by the following equation
log n0 +
p + 1
p + 5
log εB +
4(p − 1)
p + 5
log εe = const. =: log ξ, (6)
where ξ is the degeneracy parameter that characterizes the
combination. For the degenerate combinations of (n0, εB, εe),
which satisfy Equation (6) for a given ξ, the reconstructed
jet structures have the same shape f (θ) while the energy
Eaxis is scaled by n0:
Eaxis ∝ n0. (7)
In this case, the total energy of the (one-sided) jet Etot is
also scaled as Etot ∝ Eaxis ∝ n0, where Etot is given by
Etot = 2pi
∫ θj
0
E(θ) sin θdθ = 2piEaxis
∫ θj
0
f (θ) sin θdθ ∝ n0. (8)
By using Equations (6) and (8), we can rescale the to-
tal energy of a jet to a desired value without changing the
afterglow light curve. For example, suppose that we have a
jet structure with a total energy Etot that is reconstructed
from a light curve with a parameter set (n0, εB, εe). Then, if
we change the total energy to a desired value E˜tot, the cor-
responding number density n˜0 is given by Equation (8) as
follows:
n˜0 =
E˜tot
Etot
n0. (9)
According to Equations (6) and (9), the appropriate com-
binations of the microphysical parameters, (ε˜B, ε˜e), should
satisfy
ε˜Bε˜
4(p−1)/(p+1)
e = εBε
4(p−1)/(p+1)
e
(
Etot
E˜tot
)(p+5)/(p+1)
. (10)
3 RESULTS
We reconstruct the jet structures by systematically changing
the light curve slope. We use the light curve given by Equa-
tion (2) and control the slope by changing the curvature
parameter a. We determine the ambient number density n0
and microphysical parameter εB by adjusting the peak of the
light curve that is forwardly calculated by the reconstructed
jet while the other parameters are fixed to the fiducial values
mentioned in Section 2.2.
In the first part, we discover various non-trivial jet
structures that are consistent with GRB 170817A within
the observational errors. The totally different structures are
found to produce very similar light curves. In the second
part, we demonstrate that the total energy can be altered
without changing the structural shape nor the light curve
by appropriately choosing a pair of (n0, εB).
Table 1. Parameters and results for Figure 1, where a−3 =
a/(10−3 d−1) and Qx = Q/10x in cgs units for the other quantities.
a: the curvature parameter of the light curve in Equation (2). n0:
the number density of the ambient matter. εB: the energy con-
version fraction from the shocked matter to the magnetic field. ξ :
the degeneracy parameter in Equation (6). E0 and θc: the normal-
ization and standard deviation of the Gaussian edge structure in
Equation (4), respectively. Etot: the total energy of the (one-sided)
jet given by Equation (8).
a−3 n0,−3 εB,−4 ξ−6 E0,52 θc,−2 Etot,50
−10 1.00 6.60 8.73 0.34 5.83 1.12
−8 1.00 4.41 7.31 0.56 5.86 1.60
−6 1.00 2.87 6.04 0.94 5.89 2.26
−4 1.00 1.85 4.98 1.64 5.91 3.08
−2 1.00 1.17 4.06 2.96 5.92 4.18
0 1.00 0.71 3.26 5.70 5.92 5.80
2 1.00 0.41 2.56 11.8 5.92 8.19
Table 2. Same as Table 1 but for Figure 3. The pair of (n0, εB)
for each model is chosen so that it gives E0,52 = 2.51 and the same
ξ as in Table 1. Etot,50/n0,−3 in the rightmost column is to coincide
with Etot,50 in Table 1.
a−3 n0,−3 εB,−4 ξ−6 E0,52 θc,−2 Etot,50
Etot,50
n0,−3
−10 7.35 0.073 8.73 2.51 5.83 8.25 1.12
−8 4.52 0.15 7.31 2.51 5.86 7.26 1.60
−6 2.66 0.31 6.04 2.51 5.89 6.02 2.26
−4 1.53 0.70 4.98 2.51 5.91 4.72 3.08
−2 0.85 1.69 4.06 2.51 5.92 3.55 4.18
0 0.44 4.53 3.26 2.51 5.92 2.55 5.80
2 0.21 13.8 2.56 2.51 5.92 1.74 8.19
3.1 Various Non-trivial Jet Structures
We here use the light curves with the curvature parameter a
in the range of −10 ≤ a/(10−3 d−1) ≤ 2. We fix n0 = 10−3 cm−3
and tune εB for each light curve to adjust the peak. Figure 1
shows the results, with εB in Table 1 and also in Figure 2
(star-shaped points).
The left panel of Figure 1 shows the reconstructed jet
structures. As a increases, the reconstructed jet structure
continuously changes from a spindle type (a . −6×10−3 d−1)
to a hollow-cone type (a & −6×10−3 d−1) by passing through
a Gaussian-like structure (a ∼ −6 × 10−3 d−1). For reference,
we also depict a Gaussian jet in the left panel of Figure 1
(black dotted line). The standard deviations of the Gaussian
edge are nearly the same among the models, θc ∼ 5.9× 10−2,
while the normalization, E0, is different among the models
as listed in Table 1. The total energy Etot, which is defined
by Equation (8), increases for larger a as in Table 1.
In spite of the difference of the jet structures, they gen-
erate almost similar light curves, which are consistent with
the observations as shown in the top right panel of Fig-
ure 1. We compare these light curves quantitatively with
the Gaussian jet case (dotted lines). The black dotted line
in the top right panel shows the light curve for the Gaus-
sian jet, which is produced with εB = 2.44 × 10−4 while the
other parameter values are the same as for the other mod-
els. The bottom right panel shows the relative difference
MNRAS 000, 1–11 (2020)
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Figure 1. Left: Jet structures inversely reconstructed from the radio (ν = 5.5 GHz) light curves with different values of the curvature
parameter a. The light curves used for inversion are given by Equation (2) with −10 ≤ a/(10−3 d−1) ≤ 2, b = 1.22, T0 = 9 d, and
F0 = 5.45 µJy. The values of n0 and εB are listed in Table 1 and are also shown by a star-shaped point in Figure 2 for each model, while
the other parameter values are fiducial ones: εe = 10−1, θv = 0.387, p = 2.17, and D = 41 Mpc. The coloured solid lines show the inversely
reconstructed jet structures (θ < Θ(T0)) while the gray dashed lines correspond to the jet edge part given by Equation (4) with θj = 0.61
(θ ≥ Θ(T0)), which has to be assumed for inversion. The black dotted line shows the Gaussian given by E = EG exp[−θ2/(2θ2G)] with
EG = 1.16× 1052 erg and θG = 5.90× 10−2. Top Right: Light curves forwardly calculated by the reconstructed jets shown in the left panel,
which are for radio (5.5 GHz), optical (500 THz), and X-ray (1 keV) from top to bottom for each colour. The black dotted line shows the
radio light curve that is generated by the Gaussian jet with (n0, εB) presented by the black star in Figure 2. Also shown for reference are
the observed afterglow (points) and upper limits (lower triangles) of GRB 170817A. The data points for radio were taken from Figure 4 in
Troja et al. (2019), which uses the data in Hallinan et al. (2017); Lyman et al. (2018); Troja et al. (2018); Margutti et al. (2018); Mooley
et al. (2018a); Alexander et al. (2018); Piro et al. (2019). The data points for optical and X-ray were collected from Lyman et al. (2018);
Margutti et al. (2018); D’Avanzo et al. (2018); Alexander et al. (2018); Piro et al. (2019). Bottom Right: Relative difference of the
forwardly calculated light curve with respect to the Gaussian jet light curve, which is defined by [Fν (forward) −Fν (Gaussian)]/Fν (Gaussian).
The solid lines are used for T0 ≤ T ≤ Tf while the dashed lines are used for others.
with respect to the light curve for the Gaussian jet. The
relative difference increases with T during the time interval
that is used for the inversion, T0 ≤ T ≤ Tf (solid lines). It
reaches ∼ 18 per cent at Tf = 97.9 d in the case of the spin-
dle jet for a = −10 × 10−3 d−1. This means that at least the
observational accuracy less than ∼ 18 per cent is necessary
for distinguishing the spindle jet from the Gaussian jet. The
light curve for the later phase (T > Tf) cannot be used for
inversely reconstructing the jet structure, since the jet axis
has been already seen to the observer. In the case of the
hollow-cone jet for a = 2 × 10−3 d−1, the relative difference
of the light curves reaches ∼ 5.8 per cent at Tf = 37.0 d.
Hence, the observational precision less than 5.8 per cent is
necessary to distinguish the hollow-cone jet from the Gaus-
sian jet from the viewpoint of the inverse reconstruction. In
the multiband observations of GRB 170817A, the one-sigma
errors are comparable or larger than the above demanded
values in the rising phase (Makhathini et al. 2020).
3.2 Jet Structure with the Same Shape but with
a Different Total Energy
We demonstrate here that the same light curve could be ex-
plained by different jet structures that have the same shape
but have different total energy, if the ambient number den-
sity n0 and microphysical parameter εB are tuned appro-
priately for each case. We compare the results with those
in Section 3.1. It is shown that the total energy of the re-
constructed jet is proportional to n0, as expected from Sec-
tion 2.3.
Figure 3 shows the results obtained for the light curves
given by Equation (2) with the curvature parameter a in
the range of −10 ≤ a/(10−3 d−1) ≤ 2, which are the same
as in Section 3.1, and newly tuned n0 and εB, which are
shown in Table 2 and in Figure 2 (round-shaped points).
The parameters are tuned by using the degeneracy relation
in Section 2.3: n0 is given by Equation (9) so as to have
E0 = 2.51× 1052 for the normalization of the jet edge and εB
is accordingly given by Equation (10) with εe = ε˜e = 0.1. As
shown in the left panel, the reconstructed jet structure for
each light curve has the same shape as the counterpart in
Figure 1 but has a different total energy. In fact, the relative
difference of the jet shape f (θ) in Equation (5) is less than
MNRAS 000, 1–11 (2020)
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Figure 2. The number density of the ambient matter n0 and
the energy conversion fraction from the shocked matter to the
magnetic field εB used for the results in Figure 1 (star-shaped
points) and those for Figure 3 (round-shaped points). Also shown
is the upper limit of n0 given by Hajela et al. (2019). Note
that the pairs of (n0, εB) for the same-coloured star and round
points lie on a line that satisfies the degeneracy relation n0 ∝
ε
−(p+1)/(p+5)
B ε
−4(p−1)/(p+5)
e [Equation (6)], as indicated by the black
solid line for the red points for example. The pairs (n0, εB) in the
degeneracy relation give the jet structures with the same shape
but with the total energy that scales with n0 for a given afterglow
light curve.
10−6.2 The total energy Etot scales with n0, since Etot/n0 for
each jet is the same as in Section 3.1 as presented in the
rightmost column in Table 2. As a result of the tuning, the
total energy Etot is larger for spindle jets than for hollow-cone
jets in Figure 3, which is contrast to the jets in Figure 1.
The top right panel of Figure 3 shows the light curves
generated by the jets in the left panel. We note that the light
curves in Figures 1 and 3 for each a are almost indistinguish-
able. In fact, the relative difference between the light curves
in Figures 1 and 3 is less than 10−6 in optical and X-ray.
This is a natural consequence from the degeneracy relation.
The above is also true in radio. However the relative
difference is relatively large in early phase T ∼ 2 d as dis-
played in Figure 4, which shows that the relative difference
is ∼ 0.1 in the case of the spindle jet for a = −10 × 10−3 d−1
and the hollow-cone jet for a = 2 × 10−3 d−1. This is be-
cause the degeneracy relation holds only for the frequencies
that lies in ν′m ≤ ν′ ≤ ν′c (See Appendix C) while ν′ < ν′m
is realized for ν = 5.5 GHz in a region close to the jet axis
when the jet Lorentz factor Γ is still large. The frequency
can drop below the synchrotron characteristic frequency due
to the different dependencies of ν′ and ν′m on Γ: ν′ ∝ Γν and
ν′m ∝ γ′m2B′ ∝ Γ3, where we assumed the observer direction
is outside the beaming cone and γ′m and B′ are the minimal
Lorentz factor of the accelerated electrons and the magni-
tude of the magnetic field in the proper frame, respectively.
2 The relative difference between the jet structures comes from
the numerical errors and the relativistic approximation (Γ  1)
used for deriving the degeneracy relation (See Appendix C). The
situation is the same for the relative difference in the light curves.
We can show that  ′ν′ increases with n0 for a frequency be-
low the characteristic frequency, ν′ < ν′m, as given by Equa-
tion (D5). The early emission from the inner region is not
significant because of the relativistic debeaming, but it leads
to a quantitative difference as shown in Figure 4. The radio
light curves obtained here is brighter than those in the previ-
ous subsection for a ≤ −4×10−3 because n0 is larger as shown
in Figure 2. On the other hand, the afterglow becomes dim-
mer in radio because of smaller n0 for a ≥ −2 × 10−3 than
that in Section 3.1. The region with ν′ < ν′m shrinks as the
shock is decelerated and, hence, the difference between the
light curves decreases as time passes.
As demonstrated above, the jet structure is determined
from a given light curve except for the energy normaliza-
tion. It is necessary to fix n0, εB, and εe for determining
the energy scale (See Section 2.1 for the uncertainty of θv).
Early observations with multiple frequencies across the syn-
chrotron break frequency may resolve the degeneracy of the
energy scaling.
4 DISCUSSIONS
4.1 Why do the jets with totally different
structures generate similar light curve peaks?
We here discuss the result in Section 3.1: Why do the jets
with totally different structures generate afterglows with
nearly the same peak time and flux, as presented in Fig-
ure 1?
To answer the question, we decompose the radio light
curve into the contributions from annulus regions on the jet
surface, θn ≤ θ ≤ θn+1 with θn = 0.05n (n = 0, 1, 2, · · · ). Fig-
ure 5 shows the decomposition of the light curves generated
by three representative jet structures in Figure 1: the spin-
dle jet for the curvature parameter a = −10 × 10−3 d−1, the
Gaussian jet, and the hollow-cone jet for a = 2 × 10−3 d−1
from top to bottom, respectively. In the case of the spindle
jet, the more inner region gradually dominates the the light
curve as time passes and the most inner region close to the
jet axis contributes to the peak flux. This is natural, since
the energy of the spindle jet is higher for more inner region.
On the other hand, in the case of the hollow-cone jet, the
peak of the light curve is dominated by the emission from
the middle region of the jet with 0.1 ≤ θ ≤ 0.15 while the
emission from the more inner region is sub-dominant. As
shown in Figure 1, E(θ) peaks around θ ∼ 0.1 for the hollow-
cone jet and the energy at θ = 0.1 is larger than that for the
spindle jet. Hence, recalling that the ambient density n0 is
the same, the middle region of the hollow-cone jet becomes
visible later than that of the spindle jet. The peak flux is
adjusted by tuning εB. The hollow-cone jet needs smaller εB
than the spindle jet to suppress the emission from the mid-
dle region. The emission coming from the central region is
sub-dominant in the hollow-cone jet simply because the jet
energy is lower than in the middle region. In the case of the
Gaussian jet (middle panel), which lies between the spindle
jet and the hollow-cone jet, the emission from the jet region
with 0.05 ≤ θ < 0.1 produces the peak.
To sum up, the afterglow peaks can be similar even for
totally different jet structures, because of the two reasons:
(i) The light curve peak is generated by the emission from
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Figure 3. Same as Figure 1 but for n0 and εB that are listed in Table 2 and are also shown by the round-shaped points in Figure 2.
The dotted line in the left panel shows the Gaussian given by E = EG exp[−θ2/(2θ2G)] with EG = 2.51 × 1052 erg and θG = 5.90 × 10−2. The
jet structure reconstructed from each light curve has the same shape as the counterpart in Figure 1 but has a different total energy. The
forwardly calculated light curves in optical and X-ray agree well with those in Figure 1 while the radio light curve is slightly (at most 10
per cent) different (See also Figure 4).
Figure 4. Relative difference of the forwardly calculated radio
light curves in Figures 1 and 3 for each a, which is defined by
[Fν (Fig. 3) − Fν (Fig. 1)]/Fν (Fig. 1). The light curves are slightly
different because of the different contribution from the region
close to the jet axis, where the frequency drops below the syn-
chrotron characteristic frequency in the fluid rest frame, ν′ < ν′m,
for which the emissivity increases with n0. As the shock is decel-
erated, ν′ > ν′m is realized in the entire region of the shock and
the difference is reduced.
the characteristic position of the jet, which is the energy
peak on the middle region in the case of hollow-cone jets
while it is the jet axis in the case of spindle jets.
(ii) The emission from the characteristic position is ad-
justable by tuning the energy scale of the jet (or the num-
ber density n0) and the energy conversion fraction from the
shocked matter to the magnetic field εB. The peak time Tp
is adjusted by tuning the energy scale: The peak time is ad-
vanced/delayed for smaller/larger energy when n0 is fixed. It
is also possible to shift the peak time to an earlier/later time
by giving smaller/larger n0 (Nakar & Piran 2020). The peak
flux is adjusted by εB. Smaller εB reduces the synchrotron
flux while larger εB enhances the emission.
4.2 Why does the curvature of the light curve
slope determine the shape of the jet
structure?
As shown in Section 3, different jet structures are recon-
structed from light curves with different values of the cur-
vature parameter a, which controls the changing rate of the
light curve slope. As shown in TI20, we confirm that the
jet structure is mainly determined by a given light curve
while the other parameters only quantitatively change the
structure. The reason is explained as follows. The slope is
determined by how rapidly the inner region of the jet be-
comes visible. The light curve goes upward with time (i.e.,
the light curve is convex downward) if the inner region be-
comes visible earlier. On the other hand, the light curve
becomes convex upward if the inner region is seen later. For
example, a spindle jet is reconstructed from a convex up-
ward light curve with a < 0. This is because the jet inner
region is seen late because of the relativistic beaming with
the higher jet energy contained around the jet axis. On the
other hand, a convex-downward light curve with a > 0 re-
constructs a hollow-cone jet, because the jet inner region
becomes visible earlier.
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Figure 5. Decomposition of the radio light curve in Figure 1
for the spindle jet obtained for a = −10 × 10−3 d−1, Gaussian jet,
and hollow-cone jet obtained for a = 2 × 10−3 d−1 from top to
bottom, respectively. Each coloured line shows the light curve
that is contributed from an annulus area on the jet surface, while
the black one shows the total light curve, which is the same as in
Figure 1.
5 SUMMARY & CONCLUSIONS
We investigated possible jet structures consistent with the
afterglow of GRB 170817A by applying the method of the in-
verse reconstruction in our previous paper (TI20). We stud-
ied how the jet structure depends on the light curve by grad-
ually changing the curvature parameter of the light curve a
within the observational errors, which gives convex down-
ward light curves for a > 0 and convex upward ones for a < 0.
We found that hollow-cone jets are reconstructed from light
curves with larger a while spindle jets are reconstructed from
light curves with smaller a. The structure gradually changes
by passing through a Gaussian-like structure as a changes.
In spite of the totally different jet structures, they gen-
erate similar light curves, which are consistent with the ob-
served afterglow of GRB 170817A within errors. The light
curve peak is produced by the emission from the jet surface
where the jet energy peaks. The peak time and the peak flux
can be adjusted for each jet structure by tuning the number
density of the ambient medium n0, the energy conversion
fraction from the shocked matter to the magnetic field εB,
and the energy conversion fraction from the shocked matter
to the accelerated electrons εe.
These jet structures are distinguished by precisely ob-
serving the rising afterglow with the aid of the inversion
method. The precision less than 18 per cent is required in
the early phase T ≤ 98 d to distinguish the spindle jet from
the Gaussian jet while less than 6 per cent is necessary in
T ≤ 37 d to distinguish the hollow-cone jet from the Gaussian
jet as indicated by Figure 1. In the case of GRB 170817A, the
observational one-sigma errors are comparable or larger in
the rising phase (Makhathini et al. 2020). Hence, more pre-
cise observations are necessary for determining jet structures
from the inverse reconstruction. Such observations would be
possible for future events in denser environment, for which
afterglow light curves become brighter (Gottlieb et al. 2019;
Duque et al. 2020; O’Connor et al. 2020). In the same reason,
future events with a smaller viewing angle are also prefer-
able, whereas the viewing angle has to be large enough so
that the jet structure is reflected into observed light curves.
We found that the total energy of the jet can be tuned
without changing the jet shape by using a different appro-
priate combination of the afterglow parameters (n0, εB, and
εe). We discovered that the degenerate combination is given
by Equation (6), which is applicable to any jet structure
as demonstrated in this paper. We showed that the total
energy is proportional to n0. We also note that the view-
ing angle is another cause of the degeneracy, where a larger
viewing angle leads to a wider jet shape (Nakar & Piran
2020; Takahashi & Ioka 2020). In order to break the de-
generacy of the parameters, multi-frequency observations
across the synchrotron break or cooling frequency would
be important. Here, future events in denser environment
are preferred again, since the spectral break shifts to the
observed frequency. Indeed, the synchrotron frequency and
cooling frequency respectively satisfy νm ∝ E1/2ε1/2B ε2eT−3/2
and νc ∝ n−10 E−1/2ε
−3/2
B T
−1/2 (Sari et al. 1998). Increasing
n0 shifts νm to a larger frequency and νc to a smaller fre-
quency, since the shock decelerates earlier and more inner
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region with larger E is seen for larger n0 when εB, εe, and T
are fixed.3
As demonstrated in this paper, there is a large variety
of possible jet structures for GRB 170817A consistent with
the afterglow observations within errors. Since the inner jet
structure is solely determined by the curvature of the light
curve, qualitatively the same diversity should emerge even
for the power-law edge as demonstrated in TI20. There are
several possible ways to form a hollow-cone jet in GRBs: the
Blandford-Znajek mechanism (Blandford & Znajek 1977;
McKinney 2006; Tchekhovskoy et al. 2008), the interaction
between the jet and the ambient medium during the prop-
agation through the ejecta or at the jet breakout (Zhang et
al. 2003; Mizuta & Ioka 2013), and jet precession (McKinney
2013; Kawaguchi et al. 2015; Huang et al. 2019), for exam-
ple. It would be worth noting that hollow-cone jets are found
in magnetohydrodynamical simulations (e.g., Kathirgama-
raju et al. 2019; Nathanail et al. 2020), whereas Gottlieb
et al. (2020) recently found jet structures consistent with
a classical power-law jet in their hydrodyanamical simula-
tions, which results from fluid instabilities at the jet-cocoon
interface. It is also worth noting that Salafia et al. (2020) in-
voked a two-component jet similar to the spindle jet found
in this paper that explains the luminosity function of the
short GRBs, although they used a rather simple analytic
model (c.f. Hamidani et al. 2019). Anyway, the jet structure
of short GRBs is still under debate in theoretical studies.
High cadence and accuracy are necessary for the observa-
tions in the rising phase of the afterglow to determine the
GRB jet structure.
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APPENDIX A: REVIEW OF THE INVERSION
FORMULA
Based on TI20, we give a brief review of our inversion for-
mula, Equation (1), which is obtained by differentiating
Equation (A1) with respect to T and using Equation (A4).
See Section 2.1 for the basic picture of the afterglow model.
The observed afterglow is contributed only from a lim-
ited region of the jet surface around the line of sight of the
off-axis observer due to relativistic beaming effects. Hence,
the observed flux Fν(T), where ν and T are respectively the
observed frequency and the observer time, is approximately
given by integrating the synchrotron emission in a limited
polar angle region between Θ(T) and θj:
Fν(T) ∼
∫ θj
Θ(T )
dθK(T, θ, E(θ)), (A1)
where θj is a given jet truncation angle. Θ(T) is the inner-
side edge of the emission site that mainly contributes to the
observed afterglow for each time, which is defined by
Θ = θv − fb
Γ
∼ θv − 4 fb
[
pin0mpc5
17(1 + 8 f 2b )3
]1/8
E−1/8(Θ)T3/8, (A2)
where mp and c are the proton mass and the speed of light,
respectively. fb is the size of the emission region measured
by 1/Γ, and we adopt fb = 7 throughout the paper as in
TI20. The inversion process is finished when Θ(T) becomes
zero, which takes place at Tf given by
Tf = 60.2 day
(
Eaxis
1052 erg
)1/3 ( n0
10−3 cm−3
)−1/3 ( θv
0.4
)8/3
, (A3)
where Eaxis = E(0). The time derivative of Θ is obtained by
differentiating Equation (A2) with respect to T as follows:
dΘ
dT
= −3(θv − Θ)
8T
(
1 − θv − Θ
8
d ln E
dΘ
)−1
. (A4)
In Equation (A1), K(T,Θ, E(Θ)) is given by
K(T, θ, E(θ)) = 1
4piD2
∫ 2pi
0
dφ
sin θR3s  ′ν′
12Γ4(1 − βshµ)(1 − βµ)2

t=ts
,
(A5)
which integrates the synchrotron emissivity  ′ν′ on a thin
annulus. In the above equation, φ is the azimuthal angle
around the jet axis and
µ = sin θ sin θv cos φ + cos θ cos θv (A6)
is the cosine of the angle spanned by the radial vector and
the line of sight for the observer located at φ = 0. Γ and β
are the Lorentz factor and the normalized speed of shocked
fluid while those with the subscript ‘sh’ are of the shock
wave, which satisfy
Γ2shβ
2
sh = C
2
BMt
−3, (A7)
Γ2β2 =
1
2
C2BMt
−3, (A8)
CBM =
√
17E
8pin0mpc5
, (A9)
with t being the laboratory time elapsed from the explo-
sion that launches the jet at the origin. Equations (A7) and
(A8) reduce to a self-similar solution of Blandford & McKee
(1976) in the ultra-relativistic limit (β = βsh = 1). These fac-
tors, β and βsh, are introduced to ensure Γsh > 1 and Γ > 1
for any t, while they do not affect the observed flux, which is
contributed from the relativistic region during the inversion
process. Rs in Equation (A5) is the shock radius given by
integrating cβsh with respect to t:
Rs(t) = 2F1
(
1
3
,
1
2
,
4
3
;− t
3
C2BM
)
ct, (A10)
where 2F1(· · · ) is the Gauss’s hypergeometric function. The
synchrotron emissivity  ′ν′ in Equation (A5) is given by
 ′ν′ = 
′
ν′,p
(
ν′
ν′m
)−(p−1)/2
, (A11)
where we assume the observed frequency in the fluid rest
frame
ν′ = Γ(1 − βµ)ν (A12)
lies between the characteristic frequency ν′m and the cooling
frequency ν′c as ν′m < ν′ < ν′c, which is appropriate in the
case of GRB 170817A. The characteristic frequency and the
corresponding emissivity are given by (Granot et al. 1999;
van Eerten et al. 2010)
ν′m =
3
16
[
εe
p − 2
p − 1
mp
me
(Γ − 1)
]2 qeB′
mec
, (A13)
 ′ν′,p = 0.88 ·
256
27
p − 1
3p − 1
q3e
mec2
n′B′, (A14)
where qe is the elementary charge and me is the electron
mass. n′ and B′ denote the number density and magnetic
field measured at the fluid rest frame, which are given by
n′ = 4Γn0, (A15)
B′ =
√
32piεBn0Γ(Γ − 1)mpc2. (A16)
ts in Equation (A5) is the laboratory time that emits the
photons arriving at the observer at T , which is given as the
solution of the following equation:
ts = T +
µRs(ts)
c
, (A17)
where we choose T = 0 as the arrival time of a photon emitted
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at the origin at t = 0. We employ an approximated analytic
solution of Equation (A17) for ts, which is obtained in the
relativistic limit (See appendix A in TI20).
APPENDIX B: CONSTRAINTS ON THE JET
EDGE STRUCTURE
We constrain the jet edge structure as follows. Suppose that
a light curve starts at an initial time T0 and the parameters
{n0, εB, εe, θv, p,D} and the jet truncation angle θj are given.
Then, the jet edge structure E(θ) (Θ(T0)) < θ ≤ θj) should
satisfy Equation (A1) at the initial time T0:
Fν(T0) =
∫ θj
Θ(T0)
dθK(T0, θ, E(θ)). (B1)
In addition, if the light curve is smooth at T0, the jet edge
structure also satisfies the first derivative of Equation (B1)
at T0:
dFν
dT
(T0) = dΘdT (T0)K(T0,Θ(T0), E(Θ0))
+
∫ θj
Θ(T0)
dθ
dK
dT
(T0, θ, E(θ)). (B2)
In the same manner, higher derivatives of the light curve at
the initial time give constraints on E(θ) (Θ(T0)) < θ ≤ θj)
in principle, whereas the higher derivatives are difficult to
obtain from observations. In this paper, we use only Equa-
tions (B1) and (B2). Since we assume a Gaussian edge given
by Equation (4), these equations determine the normaliza-
tion E0 and the standard deviation θc of the jet edge. See
TI20 for the prescription for the power-law edge.
APPENDIX C: DERIVATION OF THE
DEGENERACY RELATION
Let us derive the degeneracy relation described in Sec-
tion 2.3. That is, we show that for the combinations of
(n0, εB, εe) in Equation (6), the jet structures reconstructed
from a given light curve have the same shape f (θ) but the
energy Eaxis scales with n0 [Equation (7)], where we decom-
pose a jet structure to the shape and normalization as given
by Equation (5).
The inversion formula, Equation (1), is equivalent to
Equation (A1). In the relativistic limit (Γ  1), which is a
good approximation unless the shock is entirely decelerated
to non-relativistic speeds, Equation (A1) reduces to
Fν(T) ∝ [Eaxis f (Θ(T))](p+3)/4n1/20 ε
(p+1)/4
B ε
p−1
e T
−3(p−1)/4.
(C1)
Here, we used Γ ∝ E1/2n−1/20 t−3/2 [Equation (A8)] and
t ∼ T/(1 − βµ) ∼ Γ2T [Equation (A17)], which lead to
Γ ∝ E1/8n−1/80 T−3/8. We also employed Rs ∼ cβt ∝ Γ2T [Equa-
tion (A10)],  ′ν′ ∝ n
(p+5)/4
0 ε
(p+1)/4
B ε
p−1
e Γ
p+1(1 − βµ)−(p−1)/2 ∝
n(p+5)/40 ε
(p+1)/4
B ε
p−1
e Γ
2p [Equation (A11)], and ∆Ω ∝ Γ−2,
where ∆Ω is the solid angle of the luminous region that
dominates the integral. Θ(T) in Equation (C1) obeys Equa-
tion (A2). Equation (A2) can be also written by
Θ(T) =
{
θv − A
[
Eaxis f (Θ(T ))
n0
]−1/8
T3/8 (T ≤ Tf)
0 (T > Tf)
, (C2)
where A is a constant. Eliminating Eaxis f (Θ(T)) from Equa-
tion (C1) with Equation (C2), we obtain
Fν(T) ∝ [θv − Θ(T)]−2(p+3)n(p+5)/40 ε
(p+1)/4
B ε
p−1
e T
3. (C3)
Since a light curve Fν(T) and the viewing angle θv are sup-
posed to be fixed, the following things should hold: First,
n(p+5)/40 ε
(p+1)/4
B ε
p−1
e is a constant; Second, Θ(T) is a fixed
function of T . The former is equivalent to the degeneracy
relation, Equation (6). The latter and Equation (C2) lead
to Eaxis ∝ n0, Equation (7), and that f (θ) is a fixed func-
tion. Conversely, if f (θ) is fixed and Equations (6) and (7)
are satisfied, Θ(T) is an invariant and hence Fν(T) is also an
invariant.
Note that we assumed the synchrotron emissivity is ex-
pressed by Equation (A11) in the above. Hence, the degen-
eracy relation holds only for the frequencies in ν′m ≤ ν′ ≤ ν′c.
APPENDIX D: SYNCHROTRON EMISSIVITY
FOR ν′ < ν′m
We here argue the synchrotron emissivity  ′ν′ for ν
′ < ν′m
in the slow cooling case, which is used for the discussion
in Section 3.2. We assume Equations (6) and (7) and use
the relativistic limit (Γ  1). For a fixed angular coordinate
(θ, φ) on the jet surface, Equations (A12) and (A13) lead to
ν′
ν′m
∝ Γ−2n−1/20 ε
−1/2
B ε
−2
e . (D1)
The Lorentz factor given by Equation (A8) obeys the fol-
lowing proportionality for a fixed (θ, φ):
Γ ∝ E1/2n−1/20 T−3/2, (D2)
where we used t ∼ T/(1 − µβ) ∝ T for fixed µ. Substituting
Equations (6), (7), and (D1) to Equation (D2), we obtain
ν′
ν′m
∝ n2/(p+1)0 ε
−4/(p+1)
e T
3. (D3)
In the same manner, we obtain the following equation from
Equations (6), (7), (A14), and (D2):
 ′ν′,p ∝ n(p−1)/(p+1)0 ε
−2(p−1)/(p+1)
e T
−3. (D4)
Taking into account that the power-law index for ν′ < ν′m
is 1/3 in the case of the slow cooling (Sari et al. 1998), we
obtain the following equation from Equations (D3) and (D4):
 ′ν′ ∝ n(3p−1)/[3(p+1)]0 ε
2(3p−1)/[3(p+1)]
e T
−2 (ν′ < ν′m). (D5)
Thus, if p > 1/3, the synchrotron emissivity decreases for
smaller n0 and εe for the frequencies below the characteristic
frequency, ν′ < ν′m.
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